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We present a quantitative analysis of recent data on the kinetics of ATP hydrolysis, which has
presented a puzzle regarding the load dependence of the Michaelis constant. Within the framework
of coarse grained two–state ratchet models, our analysis not only explains the puzzling data, but
provides a modified Michaelis law, which could be useful as a guide for future experiments.
Molecular motors or protein motors are the terms used
to describe a highly specialized class of enzymes which
transduce the energy excess in the chemical hydrolysis
reaction of ATP (adenosinetriphosphate) into mechani-
cal work. They are involved in several important cellular
processes, ranging from the transport of material and
vesicles, to cell mobility and cell division. Linear protein
motors move along complex periodic and polar structures
called filaments, obtained by the polymerization of a sin-
gle monomer (actin) or dimer (microtubules) [1,2].
Several models have been proposed so far to explain the
energy transduction process. In the earliest ones, known
as cross–bridge models [3,4], the motor can exist in dif-
ferent states (up to 5 or 6 [5]), within each of which the
system reaches local thermodynamic equilibrium on time
scales small compared to the exchange rates between the
states. This hypothesis relies on the fact that the charac-
teristic times of the motors (measured through transient
response [6]) are of the order of milliseconds, while ther-
mal equilibrium on a length scale of about 10 nm occurs
in 10-100 ns [7,8]. The latest models [9–15] share some
common features: i) need for asymmetry (polarity) in or-
der to establish a certain preferred direction of motion;
ii) chemical energy consumption as a source of mechan-
ical work; iii) local thermodynamic equilibrium for each
state. A particular promising approach is that due to
Vale and Oosawa [16], using the ratchet concept intro-
duced by Feynman [17]. Since then, ratchet models have
been intensively studied [9,10,18]. Non–equilibrium ther-
modynamics as well as stochastic methods contribute to
the theoretical background of this new field of research.
The role of force in the reaction kinetics is still an open
question, [19–21]. In particular, recent experiments per-
formed on kinesin (a processive motor), [21], seem to indi-
cate that the kinetics of ATP hydrolysis can be described
by the Michaelis–Menten mechanism. This simple mech-
anism, introduced in 1913 to describe the process of en-
zymatic catalysis [22], assumes that the catalytic reac-
tion of a substrate S is divided into two processes. The
enzyme E and the substrate first combine rapidly and
reversibly to give an enzyme–substrate complex ES with
no chemical change on the substrate. The chemical reac-
tion occurs in a second step with a first–order rate con-
stant kcat, or turnover number. It is then simple to show
that the reaction velocity r (or rate of S consumption) is
given by the Michaelis law:
r =
rmax [S]
KM + [S]
, (1)
where rmax is a saturation value and KM is called the
Michaelis constant. For the ATP hydrolysis reaction, [S]
is simply replaced by [ATP ]. Furthermore it is reason-
able that the velocity of a molecular motor should depend
strictly on the rate of ATP consumption [7], so that the
velocity curve is given by a Michaelis law in terms of
ATP concentration. This hypothesis has been tested in
the experiment [21] at least for high ATP concentrations.
According to these experimental findings the Michaelis
law can be written as:
v =
ǫ p kcat [ATP ]
KM + [ATP ]
, (2)
where p is the periodicity of the filament, kcat is the
turnover number, and ǫ, the coupling ratio, gives an esti-
mate of the average performance of one hydrolysis event,
i.e. it is higher when the energy transduction process is
more efficient. It is rather intuitive that the coupling
ratio should depend on the applied force, and should
decrease when the opposing force is increased, as the
applied load strongly limits the maximum attained ve-
locity on which the coupling ratio is linearly dependent.
The rather surprising experimental finding [21] is that
the Michaelis constant KM is no longer a constant, but
increases with increasing applied load. This result is not
intuitive and rather striking, since the Michaelis constant
is just an equilibrium constant for the reaction leading to
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the formation of the enzyme-substrate complex. Indeed
reaction rates are assumed to be independent of the ex-
ternal force as long as they do not contribute to a net mo-
tion of the motor. Thus this experimental finding makes
the picture more complicated than expected. It was sug-
gested in [21] that a possible explanation might be to
insert the external force in the transition rates as done
by Fisher and Kolomeisky [20], but this cannot be done
unambiguously, as stated by the authors themselves.
Coarse–grained two-state ratchet models [18] can give
further insight into this problem. In these models, the
state of the motor is indicated by the index i, whereas x is
the position of the protein center of mass along the track.
The chemical reactions force the motor protein to switch
from one state i at position x to another state j in the
same position x, with a rate given by ωij(x). The motor
moves under the influence of a potential Wi(x) chosen so
as to reproduce the interaction between the filament and
the motor head and with the same characteristics as the
filament: polarity and periodicity. For this reason the
potential is chosen to be asymmetric and periodic with
period p for each state i (“ratchet” potential, see Fig. 1).
In a Fokker–Planck (FP) description, Pi(x, t) is the
probability density for the particle to be in state i at
position x at time t, while the probability current Ji(x, t)
is defined as:
Ji(x, t) = −
Di
kT
[Pi(x)∂xWi − Pi(x)Fext + kT∂xPi(x)]
(3)
where Di is a diffusion coefficient which is taken to be
equal in both states, T is the temperature, k is the Boltz-
mann constant and Fext is the external force. Since we
are dealing with a simple two-state model, the chemical
reaction cycle is compressed in a two step process:
α1(x)
M +ATP ⇋ M · ADP · P
α2(x)
(4)
β1(x)
M +ADP + P ⇋ M · ADP · P
β2(x)
(5)
where M refers to the motor. This strongly resembles
the Michaelis–Menten mechanism. The only difference,
in this case, is that transition rates depend on the co-
ordinate of the protein center of mass. We emphasize
that all of the following discussion does not involve any
hypothesis regarding enzymatic catalysis.
The state M ·ADP ·P corresponds to one in which the
motor head is detached from the fiber after binding and
dissociating ATP. In this state the motor may move more
or less freely upon the filament. This state will be called
the “free” state, or state 2. All the other terms in the
equations refer to a state in which the motor is attached
to the filament and therefore its motion is strongly de-
pendent on the motor–filament interaction. This is the
so called “bound” state or state 1. In this case we are
dealing essentially with a single–headed motor, although
the mechanism for a two–head motor protein is similar.
We assume detailed balance to hold for each chemical
reaction:
α1(x)
α2(x)
= exp
(
W1(x)−W2(x) + ∆µ
kT
)
(6)
β1(x)
β2(x)
= exp
(
W1(x)−W2(x)
kT
)
(7)
where α1, α2 (β1, β2) are the transition rates for the first
(second) chemical reaction and ∆µ = µATP −µADP −µP
is the difference in chemical potential or the chemical
driving force.
The FP equation describing the process may now be
written as:
∂tPi + ∂xJi =
∑
j 6=i
(ωjiPj − ωijPi) (8)
where i = 1, 2 for the two-state model and ωij(x) =
αi(x) + βi(x).
The main advantage of this approach is the straight-
forward manner in which external forces, if any, may be
directly inserted in eq. (3) without any need for further
assumptions (for a discussion of this point see [20]). If
the external force is independent of time, it is possible to
look for a stationary solution. The velocity of the motor,
v, defined as:
v =
∫ p
0
(J1(x) + J2(x)) dx, (9)
and the rate of ATP consumption:
r =
∫ p
0
(α1(x)P1(x)− α2(x)P2(x)) dx, (10)
where p is the periodicity of the filament, are identically
zero when both ∆µ and Fext are zero [18]. A neces-
sary condition for motion to occur [18] is that ∆µ 6= 0,
i.e. detailed balance is violated, and that the potential is
asymmetric. This implies that the chemical reaction of
ATP hydrolysis is able to break detailed balance for the
total transition rates.
Using eq. (6) and (7) only two of the four functions
α1(x), α2(x), β1(x), and β2(x), can be chosen arbitrarily
once W1 and W2 are fixed. Since the release of products
is just a thermal process and does not involve chemical
reactions (see eq. (5)), we assume it to be position inde-
pendent as in [8], so that β2(x) = ω = const.
Transitions due to chemical reactions are usually cho-
sen to be localized, i.e. they may take place only in corre-
spondence to a certain motor position along the filament
period and therefore they are not distributed over the
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whole period. This corresponds to the “active site” con-
cept in biology and in [18] the former hypothesis is shown
to agree with experimental data. To take this effect into
account we also define:
α2(x) =
{
ω for p− δ < x < p,
0 otherwise.
(11)
with δ/p = 0.05. We use two kinds of models, differing
only in the choice of the potential in state 2 [18,8]. W1 is
the standard ratchet potential shown in fig. 1. In model
(a), we suppose state 2 to be strictly diffusive so that the
potential W2(x) is flat (Fig.1). This corresponds to the
picture of state 2 as a totally free state. In model (b),
we suppose the filament to affect the protein movement,
so that the potential in state 2 is essentially the same as
W1(x), except for a uniform offset and a 5 times smaller
amplitude of variation. We expect the motion in model
(b) to be more constrained than in model (a).
We analyzed the two models (a) and (b) seeking the
non–equilibrium stationary solutions P si (x) to the FP
equations when applying different mechanical and chem-
ical driving forces. This has been accomplished by nu-
merically integrating the stationary FP eq. (3) starting
from the equilibrium Boltzmann solutions and changing
smoothly and alternatively the parameters ∆µ and Fext.
For each stationary solution we calculated the velocity
and the rate of ATP consumption. Fig. 2 shows the re-
sults for the rate of ATP consumption.
These results are plotted in terms of the ratio:
q =
[ATP ]
[ADP ][P ]
= exp
(
∆µ
kT
)
(12)
from mass–action law, using concentrations normalized
with respect to their equilibrium value. Usually the
Michaelis law is written in terms of ATP concentration,
while in our results we derive it in terms of the parameter
q defined above. We observe that experiments are usu-
ally performed in conditions of high ATP concentrations,
so that the ratio q can be safely thought to be constant
during the time taken by the experiment. Since the only
way of varying q is by adding ATP molecules to the so-
lution, q or [ATP ] may be interchanged in the Michaelis
law. The rate of ATP consumption can be fitted by a
Michaelis law in the form:
r =
q · rMAX
KM + q
. (13)
The value rMAX is weakly dependent on the applied
force. Our calculations show that the Michaelis–Menten
law is followed with a rather impressive precision for
q & 103, where 1/r is linear in 1/q with regression coeffi-
cients practically equal to 1. The fact that the Michaelis
law is so strictly followed also when different forces are
applied is a good indication that the simplified two–state
model is still in accordance with well established results
for enzymatic catalysis.
Figure 3 shows the velocity as a function of q; at first
sight these curves seem Michaelis-like, so that the correct
equation for velocity should be eq. (13) with rMAX re-
placed by vMAX . In this case vMAX strongly depends on
the applied force, and it decreases when the applied force
becomes more and more negative. Our results show that
the velocity is linear with r, so that v = αr−β with a re-
gression coefficient always & 0.9996 and thus the relation
for velocity, using eq. (13), reads:
v =
αrMAX · q
KM + q
− β. (14)
A pleasing feature is that, using this equation, there is
only one Michaelis constant for both v and r. Another
very interesting point is that the obtained positive val-
ues of β indicate that ATP consumption is even possible
under stall conditions (v = 0) [23]. This “idling” rate of
ATP consumption should be tested by motility assays.
The Michaelis law is commonly thought to hold for
very high ATP concentrations. The experimental re-
sults [21] were obtained in this regime and fitted using
eq. (14) forcing β = 0. Table I shows the results ob-
tained by fitting our numerical data using eq. (14) with
β as a free parameter; these results are compared with
the ones obtained in a fit with a standard Michaelis law,
i.e. forcing β = 0. In the former case the fit is extremely
good; indeed the sum of square residuals can be hundreds
times less than in the latter case. While the maximum
attained velocity is essentially independent of the fitting,
the results for the Michaelis constant are quite different.
The range of variability of KM with Fext is much wider
using a standard Michaelis law; this is also confirmed by
simple analytical arguments. Furthermore, in the case of
model (b) for high loads it is even impossible to fit the
data without introducing β in eq. (14). Still, eq. (2) does
not allow for any inversion in the sign of velocity, nor for
a stall condition, at variance with eq. (14).
In conclusion, our calculations on the two-state ratchet
model clearly show that the rate of ATP consumption
strictly follows a Michaelis law in the form (13); that
the correct law for velocity is given by eq. (14), instead
of eq. (2); that the observed fourfold increase of the
Michaelis constant with applied load may be due to the
use of eq. (2); that the model still accounts for an in-
crease of the Michaelis constant smaller than 20% when
forces vary by a factor 5 (in the range of pN), to be com-
pared with the corresponding variation of about 250% if
a standard Michaelis law, eq. (2), is used.
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Fext KM K
′
M vMAX v
′
MAX
0.0 238030 243710 3.9053 3.9067
−1.0 249970 254680 3.079 3.0573
−2.0 263440 268840 2.316 2.2726
−3.0 272320 292800 1.584 1.5541
−4.0 282930 360000 0.9453 0.899
−5.0 296040 ∼ 900000 0.3886 0.295
TABLE I. Michaelis constants, KM , and maximum veloc-
ities, vmax = α rmax calculated from model (a) using eq. (14)
(second and fourth columns) with β as a free parameter and
the same equation with β = 0 (third and fifth columns) cor-
responding to the standard Michaelis law. In the latter case,
the constants KM and vmax are indicated as K
′
M and v
′
max
respectively. Forces (first column) are measured in units of
kT/p.
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FIG. 1. Model (a): ratchet potential (W1) and diffusive
state 2. The parameters are chosen so that a/p = 0.1,
U = 10kT, U0 = 12kT, ω/D = 50.
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FIG. 2. Results for the rate of ATP consumption for model
(a) with ω/D = 50 and various forces (top to bottom curves:
Fext = 0.0,−1.0,−3.0,−5.0 in units of kT/p.
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FIG. 3. Results for the sliding velocity for model (a) in
units of p with the same values of the forces as in fig.2.
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